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The Balitzky-Kovchegov evolution equation

Integral form in momentum space:

φ(x , k) = φ0(x , k)

+ᾱs

∫ 1

x

dz

z

∫ ∞
0

dl2

l2

(
l2φ( xz , l

2)− k2φ( xz , k
2)

|k2 − l2|
+

k2φ( xz , k)
√

4l4 + k4

)
−ᾱs

∫ 1

x

dz

z
φ2(

x

z
, k)



The Balitzky-Kovchegov evolution equation

A new form given in [Kutak, Golec-Biernat, Jadach, Skrzypek,
JHEP 1202 (2012) 117] introduces a new scale µ to sum low q
emissions:

φ(x , k) = φ0(x , k)

+ᾱs

∫ 1

x

dz

z

∫
d2q

πq2
φ(

x

z
, |k + q|2)θ(q2 − µ2)

+ᾱs

∫ 1

x

dz

z

∫
d2q

πq2

(
φ(

x

z
, |k + q|2)θ(µ2 − q2)− θ(k2 − q2)φ(

x

z
, k)
)



The Balitzky-Kovchegov evolution equation

The final resummed form:

φ(x , k) = φ̃0(x , k) + ᾱs

∫ 1

x

dz

z

∫
d2q

πq2
θ(q2 − µ2)∆R(z , k , µ)·

·
(
φ(

x

z
, |k + q|2)− q2δ(q2 − k2)φ2(

x

z
, q2)

)
with

∆R(z , k , µ) = exp

(
−ᾱs log

1

z
log

k2

µ2

)



The comparison
We want to compare solutions of the two forms of the BK
equation:

φ(x , k2) = φ0(x , k2)

+ᾱs

∫ 1

x
x0

dz

z

∫ q2f

µ2

dl2
l2

 l2φ( xz , l2)− k2φ( xz , k2)

|k2 − l2|
+

k2φ( xz , k2)√
4l22 + k22


− ᾱs

πR2

∫ 1

x
x0

dz

z
φ2
(x
z
, k2
)

Φ(x , k2) = Φ̃0(x , k2)

+ᾱs

∫ 1

x
x0

dz

z
∆R(z , k2)

∫ q2f

µ2

dq2
πq2

∫ π

0
dϕΦ

(x
z
,m(S(q2, k2, ϕ), µ2, q2f )

)
− ᾱs

πR2

∫ 1

x
x0

dz

z
∆R(z , k2)Φ2(

x

z
, k2)



The method

I introduce a finite upper limit, qf

I work with logarithms: z̃ = log z , q̃2 = log q2, etc., so∫
dz
z →

∫
dz̃

I consider the difference between sides of the equation as a
function of φ:

Dφ(x , k) = φ0(x , k)− φ(x , k) + ᾱs

∫ 0

x̃−x̃0
dz̃

∫ q̃2f

µ̃2

dl̃2 (. . .)



The method

I expand the solution into products of Chebyshev polynomials:

φ(x̃ , k̃) =
∑
i

cibi (x̃ , k̃)

I define similar expanion of the squared function:

φ2(x̃ , k̃) =
∑
i

dibi (x̃ , k̃)

I rearrange Dφ so that the integrals can be precalculated

Li (x , k) =

∫ 0

x̃−x̃0
dz̃

∫ q̃2f

µ̃2

dl̃2 (. . .)

Qi (x , k) =

∫ 0

x̃−x̃0
dz̃φ2(

x

z
, k2)

Dφ(x , k) = φ0(x , k)−φ(x , k)+ᾱs

∑
i

ciLi (x , k)− ᾱs

πR2

∑
i

diQi (x , k)



The method

I approximate the norm ‖Dφ‖ using a finite set of points (xj , kj)

I implement ‖Dφ‖ as a function of c within linear algebra,
except that the nonlinear term φ2 is expanded to bi by a pair
of DCT transforms

d ← DCT← φ2(x , k)← φ(x , k)← DCT← c

I find the optimal coefficients c to build a solution φ



The result
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BK: before and after resummation

x=0.0001
x=0.0003

x=0.001
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x=0.0003, res.

x=0.001, res.
x=0.003, res.

x=0.01, res.


