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Intro: R&D on MC solutions of QCD Evolution in Cracow

Markovian Monte Carlo solutions of the QCD MS DGLAP evolution:

LL massless Markovian MC, precision ∼ 10−3, APP B35 745 (2004).

NLO massless Markovian MC, APP B37 1785 (2006), → WP

Constrained Monte Carlo (CMC) algorithms for DGLAP evolution:

CMC non-Markovian class II, NP B135 338 (04); APP B36 2979 (05).

Constrained MC (non-Markovian) class I, CPC 175 511 (2006).

Evolution in the rapidity space:

Markovian evolution and constrained evolution, → MS, StJ

αS(q(1 − z)) and αS(qx(1 − z)/z), → MS

CCFM evolution: αS(kT ), → StJ

Joining two hemispheres, → StJ

CMC+NLO: → PhS

Framework for fitting PDFs: → PS
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Introduction

We all know evolution equation (DGLAP-type)

∂tD(x, t) = αSP (x) ⊗x D(x, t)

but

What exactly is t ??
i.e. what kind of ordering do we have ??
and how the kinematics is reconstructed ??

What exactly is the argument of αS ??
i.e. which non-leading corrections do we include ??
(depends on the meaning of t as well)
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Evolution time (slide by T. Sjöstrand)

Ordering variables in final-state radiation

PYTHIA: Q2
= m2

y

p2

⊥

large mass first

⇒ “hardness” ordered

coherence brute

force

covers phase space

ME merging simple

g → qq simple

not Lorentz invariant

no stop/restart

ISR:m2
→ −m2

HERWIG: Q2
∼ E2θ2

y

p2

⊥

large angle first

⇒ hardness not

ordered

coherence inherent

gaps in coverage

ME merging messy

g → qq simple

not Lorentz invariant

no stop/restart

ISR: θ → θ

ARIADNE: Q2
= p2

⊥

y

p2

⊥

large p⊥ first

⇒ “hardness” ordered

coherence inherent

covers phase space

ME merging simple

g → qq messy

Lorentz invariant

can stop/restart

ISR: more messy
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Coupling constant

Some choices of argument of αS

DGLAP – no sub-leading corrections

αS(et)

Amati, Bassetto, Ciafaloni, Marchesini, Veneziano;

Collins, Soper, Sterman . . .

– all soft non-leading corrections

αS(et(1 − z))

CCFM-like – true kT (t – rapidity)

αS(etx(1 − z)/z)
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Kinematics

Let us define kinematics:

ki – emitted gluons qi – virtual parton q+
h = 2Eh – initial hadron

for each emitted parton:

k+
i = q+

i−1 − q+
i = 2Eh(xi−1 − xi) = 2Ehxi−1(1 − zi)

ηi = (1/2) ln(k+
i /k−

i ) (rapidity)

transverse momentum of parton (k2
i = 0):

kT
i =

√

k+
i k−

i = k+
i e−ηi = xi−1(1 − zi)2Ehe

−ηi

Introduce evolution time :

ti = −ηi + ln(2Eh)

• This is our choice of evolution time •

kT
i becomes: kT

i = etixi(1 − zi)/zi = eti(xi−1 − xi)
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Evolution in rapidity – New MC implementation

∂txD(x, t) =

∫

dudz αS

(

etx(1 − z)/z
)

zP (z)uD(u, t)δ(x − zu)

=

∫

du/u αS(et(u − x))xP (x/u)D(u, t)

BEWARE: Landau pole requires cut-off λ on kT > λ

λ < etx(1 − z)/z → z < etx/(etx + λ) << 1; u > λe−t + x

This cut-off influences sum rules!!

To keep sum rules virtual part of the kernel must be adjusted:

P δ(u, t) = −

∫ 1−λe−t/u

0

dzαS(etu(1 − z))zP (z)
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Evolution in rapidity – Markovian algorithm

The Sudakov formfactor is as usual

Φ(ti, ti−1;u) =

∫ ti

ti−1

dt′
∫ 1−λe−t

′

/u

0

dzαS(et′u(1 − z))zP (z)

and the probability of a step forward in z is (u = xi−1)

dω(zi, ti; i − 1)

dtidzi

= αS(kT
i )ziP

θ(zi)θ1−λe−ti/xi−1≥zi
e−Φ(ti,ti−1;xi−1)θti≥ti−1

probability of step in t is given by integral over dzi of the above dω

dω(ti; i − 1)

dti
= θti≥ti−1

∂tiΦ(ti, ti−1;xi−1)e
−Φ(ti,ti−1;xi−1)
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Evolution in rapidity – algorithm – more details

Φ(ti) calculable analytically only for α(kT )/(1 − z) part of kernel

Φ1/(1−z)(ti, ti−1;u) = (2/β0)
[

ρ(ti + ln u) − ρ(ti−1 + tu)θti−1+tu>tλ

]

ρ(t) = t̂(ln t̂ − ln t̂λ − 1) + t̂λ; t̂ = t − ln Λ0, tλ = ln λ, tu = ln u

But even Φ1/(1−z)(ti) cannot be inverted analytically (to generate ti).

Fast numerical routine writen and used. All in LO approx.

Non-singular part of Φ(ti) not integrable analytically. 1-d integral

done numerically. No numerical inverting – implemented as weight

ΦF (ti, t0;u) =

min(tu,tλ−t0)
∫

tλ−t1

dvF (v) ln
t1 + v

tλ
+ θt0+tu>tλ

tu
∫

tλ−t0

dvF (v) ln
t1 + v

t0 + v
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Evolution in rapidity – ISR master equation

Denote: ξ = e−η, k+
i = 2Ehxi−1(1 − zi), ξ0 = λ,

P̃(k, z, x) = z(1 − z)αS(kT )
π

P θ(z)θ1−λe−t/x≥z

Master formula for ISR gluonstrahlung with rapidity ordering

xD(ξ, x) = e−Φ(ξ,ξ0)δ(1 − x) +

+
∞
∑

n=0

e−Φ(ξ|ξn,x)







n
∏

i=1

ξ
∫

ξi−1

dξi

ξi

2Ehxi−1
∫

λ/
√

ξi

dk+
i

k+
i

∫

dϕi

2π







×

(

n
∏

i=1

P̃(ki, zi, xi−1)e
−Φ(ξi|ξi−1,xi−1)

)

δx=
Q

n

i=1
zi

We implemented the same αS(kT ) also for quark-gluon transitions
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Single emission in a detail

Tln(k )

ln(k )ln(k )+
−

ξξ

Φ(ξ   ,ξ  )

ξ

for k

k  
= p+

+

k =constT

ln( )ξ

Available

λk  =T

k  
= p

+

+

ISR, one hemishere

Φ(ξ   ,ξ  )

1 *0

z

*

1

k1

1−z
1

k

p0

0

=pz11p

1

2

p
0

p
1

1

n

1 0 1

Integration domains of Φ(ξ1|ξ0, x0) and Φ(ξ∗|ξ1, x) are triangle and trapezoid

D̃(ξ, x)n=1 =

ξ
∫

ξ0

dξ1

ξ1

2Eh
∫

λ/
√

ξ1

dk+
1

k+
1

∫

dϕ1

2π
e−Φ(ξ|ξ1,x)

P̃(k1, z1)e
−Φ(ξ1|ξ0,x0)δx=z1
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Intermediate step: αS

(

et(1 − z)
)

At first we implemented evolution with αS

(

et(1 − z)
)

– it is easier:

αS does NOT depend on x (depends on z only)

Cut-off related to Landau pole is λ ≤ eti(1 − zi) = kT
i /xi−1.

Therefore kT can drop below λ, down to kT
i ≥ λxi−1
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Intermediate step: α
(

et(1 − z)
)

Tln(k )

ln(k )ln(k )+
−

Φ(ξ   ,ξ  )

ξ

for k

k  
= p+

+

k =constT

ln( )ξ

Available

λk  =T

k  
= p

+

+

ISR, one hemishere

Φ(ξ   ,ξ  )

ξ ξ*0

z

*

1

k1

1−z
1

k

p0

0

=pz11p

1

2

p
0

p
1

1

n

1 0 1

1

In this scenario IR boundary is not kT
i > λ but kT

i > xi−1λ, i.e. 1 − zi > λ
p+
0

√
ξi

.

It is depicted above, see blue line defining phase space of the next (2nd) emission.
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Numerical results

The full α(kT ) evolution has been implemented on the top of

the αS

(

et(1 − z)
)

algorithm in two independent ways in

the Markovian MC called MMC.

In parallel the same full α(kT ) evolution is implemented in

the Constrained MC called KrCMC (see talk by S. Jadach).

Results of each program have been used for cross-checks of the

other. It is powerfull, but not quite straightforward method of

testing!

Comparison with semianalytical code APCheb33 on the way.
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Comparison MMC/KrCMC – pure gluonstrahlung
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Comparison MMC/KrCMC – pure gluonstrahlung
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Comparison MMC/KrCMC – with Q-G transitions
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Comparison MMC/KrCMC – with Q-G transitions

(x)log
-3 -2.5 -2 -1.5 -1 -0.5 0

(x
)

Q
xD

-310

-210

-110

1

10

(x)log
-3 -2.5 -2 -1.5 -1 -0.5 0

R
at

io
 K

rC
M

C
/M

M
C

0.99

0.992

0.994

0.996

0.998

1

1.002

1.004

1.006

1.008

1.01

Quark PDF at Q=1000GeV, agreement 1 × 10−3

QCD ISR Monte Carlo with α(k
T ) – p. 18/19



Summary and outlook

Evolution ordered in rapidity space has been succesfully implemented in

Markovian MC

for α(et(1 − z))

for α
(

etx(1 − z)/z
)

i.e. almost all-loop CCFM – two algorithms

(“almost CCFM” – non-Sudakov formfactor switched off)

Implementation has been tested to the precision of 1 per mille by comparing

against similar implementation in Constrained MC (KrCMC)

α
(

etx(1 − z)/z
)

implemented also in Quark-Gluon transitions

Immediate plans:

More numerical tests

Other plans:

Inclusion of NLO evolution
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