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Recursive equations

for arbitrary scattering processes

at tree order and beyond

Costas G. Papadopoulos

Epiphany Conference, January 2007, Krakow
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• Reliable cross section computation and event

generation for multiparticle processes, with ∼ 10-12

particles in the final state.
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• Reliable cross section computation and event

generation for multiparticle processes, with ∼ 10-12

particles in the final state.

• – HELAC: A.Kanaki and C.G.Papadopoulos, CPC 132 (2000) 306, hep-ph/0002082.

Matrix element computation algorithm, based on

Dyson-Schwinger equations, including: EWK, QCD,

fermion masses, reliable arithmetic, running couplings

and masses . . ..

PHEGAS: C.G.Papadopoulos, CPC 137 (2001) 247, hep-ph/0007335

Monte-Carlo phase space integration/generation based

on optimized multichannel approach.

hep-ph/0012004 and Tokyo 2001,(CPP2001) Computational particle physics, p. 20-25

T. Gleisberg, et al. Eur. Phys. J. C 34 (2004) 173
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–Old Feynman graphs → computational cost ∼ n!

New Dyson-Schwinger → computational cost ∼ 3n

P.Draggiotis, R.H.Kleiss and C.G.Papadopoulos, Phys. Lett. B439 (1998) 157

F. Caravaglios and M. Moretti, Phys. Lett. B358 (1995) 332

F. A. Berends and W. T. Giele, Nucl. Phys. B 306 (1988) 759.

• Example: e−e+ → e−e+e−e+ in QED:

e eγ

e

γ

e

e e

γ

e

e e

eγ

e e



'

&

$

%
HEP - NCSR Democritos

The Dyson-Schwinger recursion

• Imagine a theory with 3- and 4- point vertices and just one field.

Then it is straightforward to write an equation that gives the

amplitude for 1 → n

= + +

+ + +
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The Dyson-Schwinger recursion

= + +

a(n) = δn,1 +
∑ n!

n1!n2!
a(n1)a(n2)δn1+n2,n

+
n!

n1!n2!n3!

∑

a(n1)a(n2)a(n3)δn1+n2+n3,n
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HELAC

• Construction of the skeleton solution of the Dyson-Schwinger

equations. At this stage only integer arithmetic is performed. This is

part of the initialization phase.

• Dressing-up the skeleton with momenta, provided by PHEGAS and wave

functions, propagators, n-point functions in general.

• Unitary and Feynman gauges implemented. Due to multi-precision

arithmetic,tests of gauge invariance can be extended to arbitrary

precision.

• All fermions masses can be non-zero.

• All Electroweak and QCD vertices are implemented, including Higgs

and would-be Goldstone bosons.
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• Ordinary approach SU(N)-type

Aa1...an =
∑

Tr(Taσ1 . . . Taσn ) A(σ1 . . . σn)
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Colour Configuration - EWK⊕QCD

• Ordinary approach SU(N)-type

Aa1...an =
∑

Tr(Taσ1 . . . Taσn ) A(σ1 . . . σn)

Cij =
∑

Tr(Taσ1 . . . Taσn )Tr(T
a

σ′

1 . . . T
aσ′

n )

Quarks and gluons treated differently



'

&

$

%
HEP - NCSR Democritos

Colour Configuration - EWK⊕QCD



'

&

$

%
HEP - NCSR Democritos

Colour Configuration - EWK⊕QCD

• New approach U(N)-type

Each color-configuration amplitude is proportional to

Di = δ1,σi(1)δ2,σi(2) . . . δn,σi(n)

where σi represents the i-th permutation of the set 1,2, . . . ,n.
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Colour Configuration - EWK⊕QCD

• New approach U(N)-type

Each color-configuration amplitude is proportional to

Di = δ1,σi(1)δ2,σi(2) . . . δn,σi(n)

where σi represents the i-th permutation of the set 1,2, . . . ,n.

⋆ quarks 1 . . .n

⋆ antiquarks σi(1 . . .n) and

⋆ gluons = qq̄

Cij =
∑

DiDj = Nα
c , α = 〈σ1, σ2〉

♠ exact color treatment ⇒ low color charge

Problem: number of colour connection configurations: ∼ n! where n is the number of

gluons or qq̄ pairs. ⇒ Monte-Carlo over continuous colour-space.
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σi)(j,

(j,σj)

g

( i,σi)

g

     

g

δ σi j 

∑

fabctaAB t
b
CDt

c
EF = − i

4
(δADδCF δEB − δAF δCBδED )

δ1σ2δ2σ3δ3σ1
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(0,

σi)

σi)

(i,

q
_

q
(i,0)

g

∑

taABt
b
CD =

1

2
(δADδCB − 1

Nc
δABδAC )

1√
2



'

&

$

%
HEP - NCSR Democritos

(i,0)

(0,σi)

q
_

g

δi σi

q

(0,0)

∑

taABt
b
CD =

1

2
(δADδCB − 1

Nc
δABδAC )

1√
2Nc
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(1,σ )1

(4,σ )

(3,σ )

(2,σ )2

4

3

δ1σ3δ3σ2δ2σ4δ4σ1

2g12g34 − g13g24 − g14g23
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The high-colour processes

The idea is to replace colour summation with integration and then follow a

MC approach

G
µ
AB (Pi) =

8
∑

a=1

Ga(Pi)η
a(z) =

√
6

(

ziAz
∗
iB − 1

3
δAB

)

ǫ
µ
λ(Pi)

ψA(Pi) =
√

3 u(Pi) ziA

ψ̄A(Pi) =
√

3 ū(Pi) z
∗
iA

In such a representation the amplitude can be seen

M(z1, z2, . . .) =
∑

z1 · zσ(i)1z2 · zσ(i)2 . . .Ai
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and the MC is over

∫

[dz] ≡
∫

(

3
∏

i=1

dzidz
∗
i

)

δ(
3
∑

i=1

ziz
∗
i − 1)

where

∫

[dz]GABGCD =

∫

[dz]
√

6

(

zAz
∗
B − 1

3
δAB

)√
6

(

zCz
∗
D − 1

3
δAB

)

=
1

2

(

δADδCB − 1

3
δABδCD

)
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Multi-jet processes

Beyond any colour treatment a summation over different flavours is also needed.

Up to now the most straightforward way was to count the distinct processes and then

multiply with a multiplicity factor, i.e.

process Flavour

gg → ggg 1

qq̄ → ggg 8

qg → qgg 8

qg → qgg 8

gg → qq̄g 5

qq̄ → qq̄g 8

qq̄ → rr̄g 32

qq → qqg 8

qr̄ → qr̄g 24

qr → qrg 24

qg → qqq̄ 8

qg → qrr̄ 32

gq → qqq̄ 8

gq → qrr̄ 32
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initial-state type distinct processes multiplicity factor

A (gg) C1(n) χ(n0, n1, . . . , nf ; f)

B (qq̄) C2(n) χ(n0, n2, . . . , nf ; f − 1)

C (gq and qg) C2(n − 1) χ(n0, n2, . . . , nf ; f − 1)

D (qq) C2(n − 2) χ(n0, n2, . . . , nf ; f − 1)

E (qq′ and qq̄′) C3(n − 2) χ(n0, n3, . . . , nf ; f − 2)

In order to clarify what we mean we consider the example of the type A initial state.

Each distinct process is defined by an array (n0, n1, . . . , nf ). For instance, in the case

of four-jet production we have

(4,0,0,0,0,0) gg → gggg

(2,1,0,0,0,0) gg → ggqq̄

(0,2,0,0,0,0) gg → qq̄qq̄

(0,1,1,0,0,0) gg → qq̄rr̄
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C1(n) =
∑

n0+2n1+...+2nf =n

Θ(n1 ≥ n2 ≥ . . . ≥ nf )

C2(n) =
∑

n0+2n1+...+2nf =n

Θ(n2 ≥ n3 ≥ . . . ≥ nf )

and

C3(n) =
∑

n0+2n1+...+2nf =n

Θ(n3 ≥ n4 ≥ . . . ≥ nf )

A distinct process, given by the array (n0, n1, . . . , nf ) has a multiplicity factor :

χ(n0, n1, . . . , nf ; f) = nf (nf − 1)...(nf − j + 1)/j!

j = f if

f
∏

i=1

ni 6= 0

j = f − 1 if

f−1
∏

i=1

ni 6= 0

. . .

j = 1 if n1 6= 0

j = 0 otherwise
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Now we can think of a flavour-MC, so the wave function is multiplied by an

Nf -dimensional array representing flavour , ~f =
√

Nf (f1, f2, ...) such that
〈

fifj

〉

= δij

with a weight proportional to the relevant pdf for initial state flavours

In that case a process like

gg → ggqq̄qq̄

will actually represent a plethora of processes.

The number of distinct processes is now given by

9k + 3 if n = 2k and 9k + 7 if n = 2k + 1

# of jets 2 3 4 5 6 7 8 9 10

# of D-processes 12 16 21 24 30 34 39 43 48

# of dist.processes 10 14 28 36 64 78 130 154 241

total # of processes 126 206 621 861 1862 2326 4342 5142 8641
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Multi-jet rates

pT i > 60 GeV, θij > 30o |ηi| < 3

# jets 3 4 5 6 7 8

σ(nb) 91.41 6.54 0.458 2.97 ×10−2 2.21 ×10−3 2.12 ×10−4

% Gluon 45.7 39.2 35.7 35.1 33.8 26.6

A new code ⇒ JetI

• anybody to tell us how many Feynman graphs in gg → 8g ?

• or gg → 2g3u3ū ?
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• Feynman graphs in gg → 8g 10,525,900 !!

• or gg → 2g3u3ū 946,050!
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Summation/Integration over color
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Summation/Integration over color

M({pi}n1 ,{εi}n1 ,{ai}n1 ) ∼
∑

P (2,...,n)

Tr(ta1 . . . tan)A({pi}n1 ,{εi}n1 )
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Summation/Integration over color

M({pi}n1 ,{εi}n1 ,{ai}n1 ) ∼
∑

P (2,...,n)

Tr(ta1 . . . tan)A({pi}n1 ,{εi}n1 )

M({pi}n1 ,{εi}n1 ,{Ii, Ji}n1 ) ∼
∑

P (2,...,n)

δI1,P (J1) . . . δIn,P (Jn)A({pi}n1 ,{εi}n1 )

∑

{ai}n
1 {εi}n

1

|M({pi}n1 ,{εi}n1 ,{ai}n1 )|2 = g2n−4
∑

ε

∑

ij

AiCijA∗
j
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Summation/Integration over color

M({pi}n1 ,{εi}n1 ,{ai}n1 ) ∼
∑

P (2,...,n)

Tr(ta1 . . . tan)A({pi}n1 ,{εi}n1 )

M({pi}n1 ,{εi}n1 ,{Ii, Ji}n1 ) ∼
∑

P (2,...,n)

δI1,P (J1) . . . δIn,P (Jn)A({pi}n1 ,{εi}n1 )

∑

{ai}n
1 {εi}n

1

|M({pi}n1 ,{εi}n1 ,{ai}n1 )|2 = g2n−4
∑

ε

∑

ij

AiCijA∗
j

∑

P (2,...,n)

∼ n!
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Summation/Integration over color

M({pi}n1 ,{εi}n1 ,{ai}n1 ) ∼
∑

P (2,...,n)

Tr(ta1 . . . tan)A({pi}n1 ,{εi}n1 )

M({pi}n1 ,{εi}n1 ,{Ii, Ji}n1 ) ∼
∑

P (2,...,n)

δI1,P (J1) . . . δIn,P (Jn)A({pi}n1 ,{εi}n1 )

∑

{ai}n
1 {εi}n

1

|M({pi}n1 ,{εi}n1 ,{ai}n1 )|2 = g2n−4
∑

ε

∑

ij

AiCijA∗
j

∑

P (2,...,n)

∼ n!

∑

{Ii,Ji}n
1

∼ 3n × 3n
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[Aµ(P); (A,B)] =
n
∑

i=1

[ δ(P − pi) A
µ(pi); (A,B)i]+

∑

[ (ig) Πµ
ρ V

ρνλ(P,p1, p2)Aν (p1)Aλ(p2)σ(p1, p2); (A,B) = (C,D)1⊗(E,F)2]

−
∑

[ (g2) Πµ
σ G

σνλρ(P,p1, p2, p3)Aν (p1)Aλ(p2)Aρ(p3)σ(p1, p2 + p3);

(A,B) = (C,D)1 ⊗ (E,F)2 ⊗ (G,H)3]

+
∑

P=p1+p2

[ (ig) Πµ
ν ψ̄(p1)γ

νψ(p2)σ(p1, p2); (A,B) = (0,D)1 ⊗ (C,0)2]

where A,B,C,D,E,F,G,H = 1,2,3.
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L = −1

4
FaµνF

µνa, Faµν = ∂µA
a
ν − ∂νA

a
µ + gfabcAbµA

c
ν

L = −1

2
Ha
µνH

µνa +
1

4
Ha
µνF

µνa.
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[Aµ(P); (A,B)] =
n
∑

i=1

[ δ(P − pi) A
µ(pi); (A,B)i]+

[ (ig) Πµ
ρ V

ρνλ(P,p1, p2)Aν (p1)Aλ(p2)σ(p1, p2); (A,B) = (C,D)1 ⊗(E,F)2]

+

[ (ig) Πµ
σ (gσλgνρ−gνλgσρ)Aν (p1)Hλρ(p2)σ(p1, p2); (A,B) = (C,D)1⊗(E,F)2]

+

[ (ig) Πµ
ν ψ̄(p1)γ

νψ(p2)σ(p1, p2); (A,B) = (0,D)1 ⊗ (C,0)2]

and

[Hµν (P); (A,B)] =
∑

P=p1+p2

[ (ig) (gµλgνρ−gνλgµρ) Aλ(p1)Aρ(p2)σ(p1, p2);

(A,B) = (C,D)1 ⊗ (E,F)2].
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(A,B) = (C,0) ⊗ (0,D) = (C,D)w=1, if C 6= D.
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(A,B) = (C,0) ⊗ (0,D) = (C,D)w=1, if C 6= D.

(A,B) = (C,0) ⊗ (0,D) = (1,1)w1 ⊕ (2,2)w2 ⊕ (3,3)w3, if C = D.
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(A,B) = (C,0) ⊗ (0,D) = (C,D)w=1, if C 6= D.

(A,B) = (C,0) ⊗ (0,D) = (1,1)w1 ⊕ (2,2)w2 ⊕ (3,3)w3, if C = D.

(1,0) ⊗ (0,1) = (1,1)2/3 ⊕ (2,2)−1/3 ⊕ (3,3)−1/3
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NCC =

nq
∑

A=0

nq−1
∑

B=0

nq−A−B
∑

C=0

(

nq !

A!B!C!

)2

δ(nq = A+B+C)
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NCC =

nq
∑

A=0

nq−1
∑

B=0

nq−A−B
∑

C=0

(

nq !

A!B!C!

)2

δ(nq = A+B+C)

Process NALL
CC NCC NF

CC (%)

gg → 2g 6561 639 59.1

gg → 3g 59049 4653 68.4

gg → 4g 531441 35169 77.4

gg → 5g 4782969 272835 85.0

gg → 6g 43046721 2157759 90.4

gg → 7g 387420489 17319837 94.0

gg → 8g 3486784401 140668065 96.4
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Process NALL
CC NCC NF

CC (%)

gg → uū 729 93 93.5

gg → guū 6561 639 91.6

gg → 2guū 59049 4653 92.6

gg → 3guū 531441 35169 94.6

gg → 4guū 4782969 272835 96.4

gg → 5guū 43046721 2157759 97.8

gg → 6guū 387420489 17319837 98.6

gg → cc̄cc̄ 6561 639 99.1

gg → gcc̄cc̄ 59049 4653 98.8

gg → 2gcc̄cc̄ 531441 35169 99.0

gg → 3gcc̄cc̄ 4782969 272835 99.3

gg → 4gcc̄cc̄ 43046721 2157759 99.6
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Process σMC ± ε (nb) ε (%)

gg → 7g (0.53185 ± 0.01149)×10−2 2.1

gg → 8g (0.33330 ± 0.00804)×10−3 2.4

gg → 9g (0.17325 ± 0.00838)×10−4 4.8

gg → 5guū (0.38044 ± 0.01096)×10−3 2.8

gg → 3gcc̄cc̄ (0.95109 ± 0.02456)×10−5 2.6

gg → 4gcc̄cc̄ (0.81400 ± 0.02583)×10−6 3.2
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Process σMC ± ε (nb) ε (%)

gg → Zuūgg (0.18948 ± 0.00344)×10−3 1.8

gg → W+ūdgg (0.62704 ± 0.01458)×10−3 2.3

gg → ZZuūgg (0.16217 ± 0.00420)×10−6 2.6

gg → W+W−uūgg (0.27526 ± 0.00752)×10−5 2.7

dd̄ → Zuūgg (0.38811 ± 0.00569)×10−5 1.5

dd̄ → W+c̄sgg (0.18765 ± 0.00453)×10−5 2.4

dd̄ → ZZgggg (0.99763 ± 0.02976)×10−7 2.9

dd̄ → W+W−gggg (0.52355 ± 0.01509)×10−6 2.9
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PHEGAS

• Phase space

dΦn = (2π)4−3n
n
∏

i=1

d3pi

2Ei
δ
(

∑

Ei − w
)

δ3
(

∑

~pi

)

• RAMBO, VEGAS-based nice but completely inefficient!

dσn = FLUX × |M2→n|2dΦn

need appropriate mappings of peaking structures,

plus optimization!

• Efficiency ⇒ to a large number of generators, each

one for a specific class of processes.
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Multichannel approach

I =

∫

f(~x)dµ(~x) =

∫

f(~x)

p(~x)
p(~x)dµ(~x)

p(~x) =

Mch
∑

i=1

αi pi(~x)

Mch
∑

i=1

αi = 1

I →

〈

f(~x)

p(~x)

〉

E2N →

〈

(

f(~x)

p(~x)

)2

− I2

〉

⋆ Optimize αi ⇒ Minimize E ⋆

R.Kleiss and R.Pittau, Comput. Phys. Commun. 83, 141 (1994).
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New Dyson-Schwinger equations: subamplitude is a

combination of several peaking structures!

problem unsolved?

QCD antennas

P.D.Draggiotis, A.van Hameren and R.Kleiss, hep-ph/0004047.
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New Dyson-Schwinger equations: subamplitude is a

combination of several peaking structures!

problem unsolved?

QCD antennas

P.D.Draggiotis, A.van Hameren and R.Kleiss, hep-ph/0004047.

Old Feynman graphs: exhibit single peaking structure!

problem solved
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Back to Feynman graphs:

e e

e

W

γ

ν

u

d

1

2

4

16

32

8

48

56

58

The corresponding intrinsic representation looks like

62 -2 4 -2 58 31

58 31 2 -2 56 2

56 2 48 33 8 1

48 33 16 -3 32 4
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Current Status

http://www.cern.ch/helac-phegas/

• Complete generation for pp and pp̄ collisions, including all

sub-processes. We do not exclude any processes!

• Interfacing with Pythia, including CKKW-like reweighting and use of

UPVETO à la MLM.

• The new version, to become publicly available very soon. Suitable for

multi-color final states (more than 7 equivalent gluons at the final

state, i.e. 14 quarks (antiquarks) !)
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Higher-order corrections

• Fermion-loop corrections have been implemented and studied for up

to 3-point vertices.

• We have started the computation of 4-point contributions.

– FORM has been used to reduce the expressions to

Passarino-Veltman coefficient functions

– FF has been updated to include level-4 tensor coefficient functions

for 4-point integrals.

– Implementation and checking in HELAC is in progress.

• This implementation will allow to study 4 fermion+γ and 6 fermion

production including the running of electroweak couplings.
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• Fermion-loop corrections to six-fermion production process

e−e+ → µ− ν̄µud̄τ−τ+

• Number of Feynman Graphs: 208

• Number of DS vertices: 140

• Cuts: El,Eq > 5GeV and mll,mqq > 10GeV

• Results: E = 500GeV

• σ0/ab = 54,96(26) σ1/ab = 57,31(28) K/100 = 4.28(2)

• MC data: generated: 1M(961792) used: 404842 time:6 1/2 h



Ossola, Papadopoulos, Pittau hep-ph/0609007
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Nice procedure to numerically attack the problem of 
computing arbitrary scattering amplitude at the one-loop level

Tests already completed with 4-photon amplitude at one 
loop

Next-to-trivial the 6-photon amplitude
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Higher-order corrections - NEW

Lets go back to the DS equation

• Tree order:

= + +
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• One loop:

= + +

+ +
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= + +

+

∫

dnq

(2π)n















+
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(∫

dnq

(2π)n

)

= + +

+ +
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Generalized vertices approach

• Tree structure with effective quantum action vertices

• Re-normalized vertices

One-particle irreducible (1PI) graphs !
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Outlook

• PHEGAS / HELAC: a framework for high-energy phenomenology

• Standard Model fully included

⋆ High color charge processes: multijet production
P.Draggiotis, R.H.Kleiss and C.G.Papadopoulos, Phys. Lett. B439 (1998) 157;

Eur. Phys. J. C 24 (2002) 447 hep-ph/0202201

C. G. Papadopoulos and M. Worek, arXiv:hep-ph/0512150

⋆ Higher order corrections

– Direct approach. Ongoing work to better understand

Dyson-Schwinger equations and loop calculations: stepping

equations, recursive actions, etc.

– Running couplings and masses: 4-point FL contributions and

BBC non-local approch to go beyond 4-fermion final states.

• SUSY and new particles
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wait and see




